Abstract. In this paper, we consider a self-adaptive extrapolated Gauss-Seidel method for solving the Hermitian positive definite linear systems. Based on optimization models, self-adaptive optimal factor is given. Moreover, we prove the convergence of the self-adaptive extrapolated Gauss-Seidel method without any constraints on optimal factor. Finally, the numerical examples show that the self-adaptive extrapolated GaussSeidel method is effective and practical in iteration number.
Introduction
Consider the large sparse system of linear equations Ax = b, (1.1) where A = (a ij ) ∈ C n×n is a known nonsingular matrix and x,b ∈ C n are vectors. The splitting iterative method is one of the important way for solving the linear systems (1.1).
For any splitting A = M− N with a nonsingular matrix M, the basic splitting iterative method can be expressed as In order to accelerate the convergence of the Gauss-Seidel iterative method for solving the linear systems (1.1), Davod [4] presented the generalized Gauss-Seidel (GGS) iterative method, i.e., using the splitting A = T m −E m −F m , where T m = (t ij ) = −a ij , for |i− j| ≤ m, 0, otherwise.
So we can see that the GGS method is essentially block-type Gauss-Seidel method. Gunawardena et. al [7] first introduced the modified Gauss-Seidel method with preconditioned technique. In particular, when coefficient matrix is an M-matrix, or a Zmatrix, or an H-matrix, many researchers [9, 13, 15, 20, 21, 23, 24] presented also the modifications and improvements of preconditioners to solve the linear systems (1.1). Recently, Kohno et. al [12] , Kotakemori et. al [14] and Shen et. al [22] extended Gunawardena, Jain and Snyders' works to more general cases and employed new different modified Gauss-Seidel methods by using the general preconditioner P with various parameters. But these modifications and improvements of Gauss-Seidel iterative method are only theoretical and the numerical examples in those references are only small size problems, and the amount of calculation is rapidly increased with the problem size. And it is the most troubling that it is difficult in choosing many proper parameters for these methods.
With regard to parameters that have a significant effect on the convergence rate of the algorithm, Hadjidimos [8] considered the extrapolation and relaxation methods, Hadjidimos and Yeyios [10] proposed the extrapolated Gauss-Seidel method
where T is given by (1.5). Galanis et. al [6] presented methods that compute optimal relaxation factor in the different case for p-cyclic matrices. Bai et. al [1] and Chen et. al [2] considered the optimal convergence factor and the contraction factors of the GSOR method, respectively. Zhang et. al [27] presents a global relaxed non-stationary multisplitting multi-parameter method, while Migallón et. al [19] proposed non-stationary multisplitting with general weighting matrices. But the optimal parameters or the weighting matrices of all above-mentioned methods are determined in advance, they are not known to be good or bad, this influences the efficiency of these iterative methods. Fortunately, the papers [26] and [18] have applied the optimal model to compute the weight factors. Based on this strategy and the extrapolated methods [17] , we consider the self-adaptive extrapolated Gauss-Seidel method for the Hermitian positive definite systems.
The rest of the paper is organized as follows. Next section is the preliminaries. In Section 3, We focus on to discuss the new algorithm and its convergence. Section 4 is devoted to the numerical experiments.
Preliminaries
In this section, we give some of the notations and lemmas which will be used in what follows.
As usual, C n×n is used to denote the n×n complex matrix set, and C n the n-dimensional complex vector set. The matrix A H denotes the conjugate transpose of A. Similarly the conjugate transpose of a vector x is denoted by x H . A matrix A∈C n×n is called Hermitian positive definite (or semidefinite), if it is Hermitian and for all x ∈ C n ,x = 0, it holds that x H Ax > 0(or x H Ax ≥ 0). If A is Hermitian positive definite, the norm
is called the A-norm [5] or energy norms of the vector x. [10, 17] ) The sufficient conditions for the convergence of the extrapolated Gauss-Seidel method (EGS) (1.6) are:
Lemma 2.1. (Convergence, [25]) Let A = D−E−E H be an n×n Hermitian matrix with D is Hermitian and positive definite and D−E is nonsingular. Then, the Gauss-Seidel iterative method is convergent if and only if A is positive definite.

Lemma 2.2. (Extrapolation,
1. the original Gauss-Seidel method is convergent,
, where T is given by (1.5).
Lemma 2.3. ( [11]) If a nonsingular A is Hermitian positive definite, then there exists a unique
Hermitian positive definite B such that B 2 = A.
Lemma 2.4. (Cauchy-Schwarz inequality) If (·,·) is an inner product on a vector space V over the field
Equality occurs if and only if x and y are linear dependent, that is, x = αy or y = αx for some α ∈ C.
Lemma 2.5. ([11])
Every vector norm · on C n is a uniformly continuous function.
Self-adaptive EGS method
In this section, we give the self-adaptive extrapolated Gauss-Seidel method. We assume that the symmetric positive definite matrix A has the following splitting, as (1.4)
and the iteration matrix of the Gauss-Seidel method is given by
Algorithm 3.1.(The Self-adaptive Extrapolated GS(SEGS) Iterative Method)
Let x (0) ∈ C n be an arbitrary initial guess. For k = 0,1,2,... until the sequence of iterations {x (k) } ∞ k=0 ⊂ C n converges, compute x (k+1) by the following scheme:
3)
where α is the solution of the following optimization model
Alternatively, (3.4) can be rewritten as:
where
and α k is obtained by the optimization model (3.5). By simplified derivation, (3.5) yields the desired value of α k
Accordingly, the iteration matrix G α k at the k-th step for the Algorithm 3.1 is
If α k is independent on the iteration index k, Algorithm 3.1 will be the extrapolated Gauss-Seidel method. From Lemma 2.1 and Lemma 2.2, we know that the extrapolated Gauss-Seidel method of the Hermitian positive definite matrix is convergent with 0< α< 2/(1+ρ(T)). But our Algorithm 3.1 will be proved convergence without any constraints on α. Proof. Let x * be the unique solution of linear system of equations (1.1), x (k) be the solution generated by the Algorithm 3.1 at the k-th step, and
be the error at the k-th step of iteration. And the following can be obtain from (3.7),
Similar to (3.10),
For simplification, we define
Due to the properties of the matrix A and the definition of A-norm (2.1), we have
By Lemma 2.3, there exists a Hermitian positive definite matrix B = A 1/2 , such that
And in (3.14) the vectors A 1/2 z (k) and A 1/2 ε (k) are linear independent. If not, there exists a real β, so
But on the account of (3.1) and (3.10) the equations (3.15) is, in general, not true, so we are done. This means that the equality does not hold for Cauchy-Schwarz inequality (2.2), namely
Then, it follows from (3.15) and (3.14)
Consequently, by Lemma 2.5 there exist a positive number ρ < 1 such that 17) which is equivalent to lim
Hence, we have proved this theorem. 
Numerical experiments
In this section, we use three different numerical examples to show the feasibility and effectiveness of Algorithm 3.1 when it is used to find the solution of the linear systems (1.1) with Hermitian positive definite coefficient matrix. The results of all examples are compared with some of the better existing iterative methods. That is to say, we solve the system of linear equations (1.1) by Algorithm 3.1, the basic Gauss-Seidel(GS) method and the extrapolated Gauss-Seidel (EGS) method with some arbitrary values of α. Also, we solve the system of linear equations (1.1) by the GGS method presented by Davod [4] .
For each example, we compare all the above methods from the view of the iteration numbers (denoted by IT) and in terms of the total CPU execution time (denoted by CPU). All timing results are reported in seconds. In the following tables, k stands for a new updating after k iteration steps.
In our implementations, the initial vector x (0) is set to zero and the iteration is terminated when the current iterate satisfied
where · 2 refers to L 2 -norm. In addition, all codes were run in MATLAB [version 7.12.0.635 (R2011a)] in double precision and all experiments were performed on a personal computer with 3.20GHz central processing unit [Intel(R) Pentium(R)(TM)2 CPU G2130], 4G memory and Microsoft Window 7 operating system (6.1). 
with (x,y) ∈ Ω, where Ω = (0,1)×(0,1) is a square region. For the test problem, only the matrix A, which is constructed from nine-point finite difference discretization of the given PDE (4.2), is of importance, so the right-hand side vector b is created artificially. Hence, the right-hand side function f (x,y) in Examples 4.1 is not relevant. So the coefficient matrix
and the right-hand side vector b is chosen so that b = Ae with e being the vector of all entries equal to 1. For this example, we set p = q.
In Table 1 we list the iteration numbers and the CPU times in seconds with respect to SEGS, EGS, GGS and GS methods.
Example 4.2
Consider the following system of linear equations, for which A = (a k,j ) ∈ C n×n is defined as follows:
otherwise. We chose the right-hand side vector b = (1,1,··· ,1) T . The above coefficient matrix is illconditioned if n is large.
The following Table 2 shows the iteration numbers and the CPU times in seconds The right-hand side vector b is defined as b = Ax * , with x * = (1,2,··· ,n) T ∈ R n . In Table 4 we report results for SEGS, EGS, GGS and GS methods. We see from Tables 1−4 that for all methods, the iteration numbers and the CPU times grow with problem size. However, this growth is slower for SEGS than for other methods, such as GS, GGS and EGS with fixed extrapolated factors. The reason is that the stationary of weighting factors is deleted, the range for finding the optimal weighting factors is extended. Hence, we show that our SEGS method with fixed initial guess α = 1 is practical and effective.
